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Abstract. We consider the Chern connection of a quadratic Finsler manifold 
(M, L) as a linear connection \7 V on any open f! C M associated to any vector 
field V on f2 which is non-zero everywhere. This connection is torsion-free and 
almost metric compatible with respect to the fundamental tensor g. Then we 
show some properties of the curvature tensor R v associated to and in 
particular we prove that the Jacobi operator of R v along a geodesic coincides 
with the one given by the Chern curvature. Finally we obtain the first and the 
second variation of the energy functional using and R v and we deduce 
some properties of Jacobi fields. 



1. Introduction 

The Chern connection of a Finsler metric F on a manifold M was originally 
conceived by S.-S. Chern [15] as a connection in a fiber bundle over TM \ 0. The 
Chern connection was introduced again independently by H. Rund in [30] (see also 
[3]) and then it was completely forgotten until the work of D. Bao and S.-S. Chern 
[5] , where the authors show the extraordinary usefulness of the Chern connection 
in treating global problems of Finsler geometry. In particular, the connection pro- 
vides an easy way to compute the flag curvature of a Finsler metric, which is an 
important invariant associated to the deviation of geodesies, but when considered 
as a connection in a fiber bundle over TM \ 0, it does not allow one to use the 
coordinate-free global methods of Modern Differential Geometry employed in the 
study of Riemannian Geometry. This can be overcome by using the osculating 
Riemannian metric associated to a Finsler metric introduced by A. Nazim in his 
Ph. D. thesis [24] and studied sistematically by O. Varga [32]. More precisely, for 
any p £ M and any non-zero vector v in T p M , the fundamental tensor provides a 
scalar product in T p M. In particular this idea was developed by H.-H. Matthias 
in his Ph. D. Thesis [22, Def. 2.5] to define an affine connection V v on M for 
every vector field V on M which is non-zero everywhere. The connection is 
torsion-free and almost (/-compatible, meaning that the derivative of the osculating 
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Riemannian metric gy is not zero, but a certain expression in terms of the Cartan 
tensor (see (1) and Definition 2.f0). The approach of H.-H. Matthias was collected 
in [31, page 100], where the author shows a relation of the Jacobi operator of the 
metric gy in case that V is a geodesic field [31, Proposition 8.4.3 and Lemma 8.1.1] 
and recovered again by other authors as H-B. Rademacher [28, 29] and Z. Kovacs 
and A. Toth in [21] and also used by J. C. Alvarez Paiva and C. E. Duran in [ , 
Theorem 6.1]. 

None of the cited works makes a detailed study of the properties of the curvature 
tensor R v of V y and its relation with the flag curvature when V is not a geodesic 
field. Our main goal is to write down the symmetries and basic properties of R v 
in order to establish the relation of R v with the flag curvature in the general case 
when V is not a geodesic field and to use these results to obtain the first and the 
second variation of the energy functional with coordinate-free global methods. 

As one of our main goals is to promote the study of Finsler geometry between 
researchers of Riemannian background, we have made an special effort to make the 
paper sclfcontaincd with an unusual amount of details and in some cases repeating 
computations already known in literature, with the purpose of providing in some 
cases proofs in a coordiante-free mode or to establish the results in the very general 
setting of quadratic Finsler metrics, apparently, the most general case where the 
Chern connection can be defined. 

The work is structured as follows. In Section 2 we introduce the notion of qua- 
dratic Finsler metric, which generalizes the former notions of Finsler metric in the 
sense that the function is not necessarily positive and it is positive homogeneous of 
degree two rather than one with non-degenerate fundamental tensor. In particular 
the square of a Finsler metric is a quadratic Finsler metric and the notions of in- 
definite Finsler metrics [7, 8] and Finsler spacctimes [26] can fit into this definition. 
Then we introduce the Cartan tensor associated to (M, L) and an affine connection 
V v associated to a vector field V in an open subset f2 C M which takes values in 
A n TQ . This connection is characterized as the unique one which is torsion-free 
and almost metric compatible (see Definition 2.10). As it is shown in Proposition 
2.15, the connection can be identified in a certain sense with the Chern connec- 
tion and it defines a linear connection along any curve 7 with a reference vector 
V along the curve which is non-zero everywhere. In Subsection 2.1 we introduce 
several basic notions: parallelism of a vector field along a curve, geodesies, namely, 
curves having parallel tangent vector field, and the exponential map associated to 
the geodesies. 

In Section 3 we firstly study in Proposition 3.1 the symmetric properties of 
the curvature tensor R v of V v . In Subsection 3.2 we establish the link between 
the tensor R v and the flag curvature of (M,L). Unlike V v , the curvature tensor 
R v depends not only on the value of V in p € M, but in the whole vector field 
in a neighborhood of p. Nevertheless we show that the Jacobi operator can be 
defined along a curve (see Proposition 3.4) and it coincides with the Jacobi operator 
obtained from the curvature of the Chern connection as a connection on the fiber 
bundle ir* A (TM) over the conic subset A when 7 is a geodesic (see Proposition 3.5 
and Remark 2.5). In the last section we compute the first and the second variation 
of the energy functional (see Propositions 4.1 and 4.2) and then we compute the 
index form when the boundary conditions are given by two submanifolds. We also 
give some properties of Jacobi fields. 
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2. Quadratic Finsler metrics 

Let us introduce the most general notion of Finsler metric that admits a Chern 
connection. Let M be a manifold and denote by ir : TM — > M the natural projec- 
tion of TM into M. Let A C TM \ be a conic open subset of TM, namely, for 
every v £ A and A > 0, Xv <G A and such that tt(A) = M . We say that a smooth 
function L : A — > R is a quadratic Finsler metric if 

(i) L is positive homogeneous of degree 2, that is, L(Xv) = X 2 L{v) for every v E A 
and A > 0, 

(ii) for every v € A, the fundamental tensor of L defined as 

1 d 2 

g v (u, w) := 2])ich L ( v + tu + sw)\ t=s =o, 
for any u,w € T^^M , is nondegenerate. 
It follows straightforward from definition that the fundamental tensor is bilinear 
and symmetric. 

Remark 2.1. We have assumed that the conic subset A does not intersect the zero 
section. As A is required to be open, the only case in that this assumption can be 
a limitation is when A — TM \ 0. But in such a case it is easy to see that L can 
be extended continuously to the zero section and the definition coincides with the 
classical definition of Finsler metrics. 

Let us discuss several particular cases of quadratic Finsler metrics: 

(i) if A = TAI \ and the fundamental tensor is positive definite, then L is 
positive away from the zero section and F = \f~L is what traditionally has 
been called a Finsler metric, 

(ii) if A C TM\0, but the fundamental tensor is positive, then the positive square 
F = \f~L is called a conic Finsler metric in [18], 

(iii) if the fundamental tensor has index one, then L is called a Lorentz-Finsler 
metric (see [14, 19]). This is also the case of Finsler spacetimes where some 
authors ask L to be defined in the whole TM [7, 8, 26]. 

Remark 2.2. In [18] the concept of conic pseudo-Finslcr metrics is introduced. 
Observe that conic pseudo-Finslcr metrics are not allowed to be non-positive away 
from the zero section and they are positive homogeneous of degree one. Moreover, 
its fundamental tensor is not necessarily nondegenerate. Nevertheless, if F : A\ C 
TM — > [0, +oo) is a conic pseudo-Finsler metric on M and 

A\ = {v € Ai \ : the fundamental tensor g v of F is nondegenerate}, 

then L = F 2 \^ : A± (0, +oo) is a quadratic Finsler metric. Moreover, if L : A-i C 

TM\0 — > R is a quadratic Finsler metric on M and A2 = {v 6 A2 : L(v) 7^ 0}, then 

F = \/\L\ _ : A2 —t (0, +00) is a conic pseudo-Finslcr metric on M (extending F 

continuously to the zero section if necessary). 

Remark 2.3. Even if sometimes the domain of definition can change (see Remark 
2.2), from now on with abuse of notation we will omit the subset A when fixing a 
quadratic Finsler manifold {M,L), assuming that L is defined in A. 

Let us enumerate some other properties that follow from the positive homogene- 
ity. 
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Proposition 2.4. Given a quadratic Finsler metric L and v € A, the fundamental 
tensor g v is positive homogeneous of degree 0, that is, g\ v = g v for X > 0. Moreover 
g v (v,v) =L(v) andg v (v,w) = \-§^L (v + zw) | 2=0 . 



Proof. Let us begin by showing the positive homogeneity of degree zero: 
g\v(u, w 

Z UlUS 

1 1 

g v (u,w) 



Id 2 A 2 d 2 1 1 

L(Xv + tu + sw)\ t=s =o = ~2~dtds L ^ V + t ~\ U + s ~\ w )\ t = a=0 



2dtds 
= A g v {-u, -w 



for every u,w <G T^^M. Moreover, 
1 d 2 



g v (v,v) 
and 



-L(v 



,(v,w) 



2dsdt 
1 d 2 



to) I 



i d 2 



t=s=0 



2dsdt 



(l + s + t) 2 \ t=s=0 L{v) = L(v) 



2 dtds 
1 d 2 



L(v + sv + tw)\ t=s=0 



2 dtds 

1 d_ 

2 ds 

1 d_ 

2 9l 



l L v 



(1 



(l + s)—L(v 
oz 



t 



1 + s 

t 



1 



t=s=0 



t=s=0 

1 d 



z=s=0 



2d;. 



L(v + zw) | z=0 , 



for any w € T^^M, where z = t/(l + s) and dz/ds = —z/(l + s). 



□ 



In Finsler geometry, unlike the Riemannian setting, we need to consider the 
third derivatives of the metric in order to define a connection. This information is 
contained in the Cartan tensor, which is defined as the trilinear form 



C v (w 1 ,w 2 ,w 3 ) 



1 



4 ds3ds2ds 



■L v 




(1) 



Sl=S2=S3=0 



for v £ A and w\, W2, € T^^M. Observe that C v is symmetric, that is, its value 
does not depend on the order of w\, wi and W3. 

Remark 2.5. Let 7Ta : A —> M be the restriction to A of the natural projection 
7r : TM -> M. Now let n* A (T*M) be the fiber bundle over A induced by the natural 
projection of the cotangent bundle n* : T* M — > M through tta- Observe that the 
fundamental tensor is a symmetric section of the fiber bundle it* A (T* M)®ir* A (T* M) . 
Moreover, the Cartan tensor is a totally symmetric section of the fiber bundle 
it* a {T*M) <g> ir* A (T*M) <g> tt* a (T*M). 

Furthermore, the Cartan tensor can be obtained from the fundamental tensor as 

1 d 



C v (w 1 ,w 2 ,w 3 ) 



2 dz 



Jv+ Z w 1 (w2,W 3 ] 



If g is an arbitrary symmetric section of ir A (T*M) <g) w A (T*M) that is positive 
homogeneous of degree zero (g v = g\ v for A > 0) we define its Cartan tensor as 
above. 
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Proposition 2.6. The Cartan tensor is homogeneous of degree — 1, that is, C\ v = 
jC v for any v £ A and A > 0. Moreover, C v (v,wi,W2) = for every wi,W2 £ 

Proof. Recall that g v is homogeneous of degree zero in v (see Proposition 2.4). 
Then, for the homogeneity of C v : 



1 d 

C\ v (wi,W 2 ,W 3 ) = - T^g\v+z Wl { w 2> w 3) 



z=0 



Id 

- g^g v+z ^i{w2,w 3 ) 



2=0 



= C v (wi/\,w 2 ,w 3 ) = -C v (wi,w 2 ,w 3 ), 
for any wi, W2, w 3 £ T w r v \M. For the second property, 



d 

C v (v,wi,w 2 ) = Trg(i+z)v(wi,w 2 ) 
dz 



2 = 



— g v (w 1 ,w 2 ) 
oz 



= 0. 



□ 



Proposition 2.7. An arbitrary symmetric section g of -k* a (T* M)®ir* A (T* M) that 
is positive homogeneous of degree zero comes from a quadratic Finsler metric if and 
only if its Cartan tensor is symmetric. 

Proof. One implication is trivial. For the other one, assume that g is a symmetric 
section of ir* A (T*M) <E> tt* a (T*M) that is positive homogeneous of degree zero and 
such that its associated Cartan tensor is totally symmetric. Define L(v) = g v (v,v) 
for any v £ A. Observe that L : A — > R is positive homogeneous of degree two and 
smooth. Then, we have to prove that 

1 d' 2 L(v + tu + sw) 
2 



t=s=0 



for every v £ A and u,w £ T^i v \M . We have that 



0_ 

ds 



L(v + tu + sw) 



0_ 

d_ 



9v+tu+sw (v + tu + sw, v + tu + sw) 

9v+tu+sw(v + tu, V + tu) 



s=0 



s=0 







+ 2 -^-(sg v+tu +sw(v + tu, w)) 

OS 

+ ■^(s 2 g v+tu +sw(w,w)) 

= C v+tu {w,v + tu,v + tu) + 2g v+tu {v + tu,w) 
= 2g v+tu (v + tu,w), 

where in the last equation we have used the symmetry of C v +tu and Proposition 2.6. 
Now using the last equation we get 



1 d 2 L(v + tu + sw) 

2 dtds 



d_ 

dt 
o 



g v+ tu{v + tu,w) 



-7^g v +tu{v,w) 
C v (u,v,w) + g v (u,w) = g v (u,w), 



t=o 
d . , 

+ -g^{tgV + tu(U,W)) 



t=0 



(i 
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using again the symmetry of C v and Proposition 2.6, which concludes. 



□ 



Remark 2.8. The result in Proposition 2.7 is well-known. It appears for example 
in [4, Theorem 3.4.2.1]. An arbitrary symmetric section g of it*Jt*M) <g> ir* A {T*M) 
that is positive homogeneous of degree zero is usually known as a generalized metric 
and it was introduced by A. Moor in 1956 [23] and popularized by R. Miron's school 
(Iasi, Romania) and J. Kern [20]. Unfortunately, the Chern connection is not well- 
defined for generalized metrics unless they come from a quadratic Finsler metric. 
This is because the following remark is essential to prove existence of a connection 
which is torsion- free and almost metric compatible (see Proposition 2.12). 

Remark 2.9. In the case of a quadratic Finsler manifold (M,L), the Cartan ten- 
sor is symmetric. This together with Proposition 2.6 means that C v (v,wi,W2) — 
C v (wi,v, W2) — C v {w\, W2, v) = for any v £ A and w\ 1 u>2 £ T V ^M. 

Given a quadratic Finsler manifold (M, L) with conic domain A C TM \ 0, 
we will say that a vector field V on an open subset O C M is L- admissible if 
V(x) £ An T X M for every x £ O. 

Definition 2.10. Let (M, L) be a quadratic Finsler manifold and V an i-admissible 
vector field on an open subset VI C M. Consider an affine connection V v on fi. 
We say that 

(1) V v is torsion-free if 



where X, Y and Z are vector fields on Q and gy and Cy are, respectively, 
the fundamental tensor and the Cartan tensor of L evaluated on the vector 



Remark 2.11. Observe that the condition of almost (7-compatibility for the qua- 
dratic metric L given above is equivalent to the equation 



namely, the derivative of gy is expressed in terms of Cartan tensor. 

Proposition 2.12. A quadratic Finsler manifold (M, L) and an L-admissible vec- 
tor field V on an open subset Q C M admit a unique torsion-free and almost 
g-compatible affine connection V . 

Proof. Observe that V y is determined by a "Koszul formula" as 



(2) 




field V. 



V v x {gv){Y 1 Z) = 2C v (V v x V,Y,Z), 
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and 

2g v {V v x V 1 Z) = X(g v (V, Z)) - Z(g v (X, V)) + V{g v {Z, X)) + g v ([X, V], Z) 

+ g v ( [Z, X] , V) - g v {[V, Z], X) - 2C V (V%V,Z,X), 

which successively determines VyV and V X V. Moreover, it follows from the second 
equation that ^7 X V is /-linear in X, that is, V^ X V = f^7 x V for any real function 
/ on U . Then it is clear that Koszul formula determines V^l" for any vector fields 
X, Y on U and it is an afhnc linear connection. □ 

Remark 2.13. Observe that V y is homogeneous of degree zero in V in the sense 
that if A > 0, then V Ay = V y , since V Ay solves the same equations as V y (see 
Definition 2.10). 

Let us denote by n the dimension of M. Now fix a coordinate system on an 
open subset Cl of M, that is, a map tp : Cl — > <p(Cl) C R", given by >p(p) = 
(x 1 (p), x 2 (p), . . . , x n (p)) for every p g fl and denote as gfr, • • • 5 gf^r, the vector 
fields associated to the system, that is, the partial derivatives of </? -1 (composed 
with (p in order to have vector fields in O), which we will call the coordinate basis 
associated to tp. We define the formal Christoffel symbols associated to ip and the 
vector field V, ^-(7), by means of the equation 

v 7 fc=i 

for i,j = 1,. . .,n. 

Remark 2.14. Let us denote by gij{v) — 5u(^r, gfj) the functions defined for 
any v € TCI n A. Moreover, g % i will be the coefficients of the inverse matrix of {gij} 
with i,j = 1, ...,n. From now on we will use the Einstein summation convention 
consisting in omitting the sums from 1 to n when an index appears up and down, 
and we will raise and lower indices using g^ and g lJ , for example 

n 

FkijiV) = J29UV)r%(V) = g km (V)T%(V), 

k=l 

for any i-admissible vector field V on Q. Moreover, j in g|j will be considered a 
down index and then 

^ yl >dx k tj[ >dx k ' 
fc=i 

In principle, T k ^(V) depends on the vector field V, but let us see that this is not 
the case and in fact they are homogeneous real functions of degree zero on A(~) TCI 
(see Remark 2.13). 

Given a curve 7 : [a,b] — > M, we will define the vector bundle 7*(TM) as the 
vector bundle over [a, b] induced by tt : TAI — s- M through 7. The smooth sections 
of 7*(TM) are called vector fields along 7 and we will denote by £(7) the subset 
of such smooth sections. We will say that V G £(7) is L-admissible if V^ft)) € A 
for every t £ [a,b]. 

Proposition 2.15. Let (M,L) be a quadratic Finsler manifold and V an L-admi- 
ssible vector field in an open subset CI C M endowed with a system of coordinates 
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cp. Then the Christoffel symbols of V v depend only on v = V(x), with x G O, and 
not on the extension of v. Moreover, they coincide with the Christoffel symbols of 
the Chern connection (see [6, Eq. (2A.9)]). Given a smooth curve 7 : [a, b] — > M, 
X G -£(7) and W an L-admissible vector field along 7, we can define the covariant 
derivative of X along 7 having W as reference vector as 

d X* f) B 
^X=— s?+ ^(t)y (t n( W r (t ))_ J ( 2 ) 

where (X , . . . , X n ) and (7 , . . . , 7™) are respectively the coordinates of X and 7 
in the coordinate basis of (p. Moreover, it is almost metric compatible, namely, if 
X,Y € then 

j t g w (X,Y) = g w (D^X,Y)+g w (X,D^Y) + 2C W (D^W,X,Y). (3) 

Proof. Let us observe that the functions are defined in A n TO and we will 
consider the natural coordinate system in TO associated to n , which 

will be denoted as x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y n . We will denote by V 1 , . . . , V n the 
coordinates of V in (0, (p). Observe that 

gCggj y" 1 )^. • ■ • ' T/ "( x )) = ggjj 1 dvl d Jii = gg^ 1 c (4) 

g^fc Q^-fc Qy/ ^fe Q^fc 

where C Hj = Cy(^r, a§r, gfr) and x = (x 1 , . . . , x n ) G <p(fi). With abuse of 
notation we have omitted the composition with ip^ 1 and the point of evaluation in 
the right-hand terms and in the rest of the proof. Now from Koszul formula for 
^ = afr i Y = afr an( i Z = gfr an d (4) , we obtain 

r kji = lkji - v l r p u c pkJ - v l r p M c ptk + v l r p kl c pji , (5) 

where 

1 / dgij dg jk dg k 



2 \ dx k dx l dxi 



Observe that by Remark 2.9, V l Cuj = and Cij k is symmetric in the three indexes. 
Then V l V^T k ji — V*V^7fcy and raising indices we get 

V i V j T k^ = v i vjl k^ (6) 

From (5) and using (6) we conclude that 

V'T^ = /'I 'IV,, = V*-fii ~ V l V^ p H g ks C pjk := N s j; (7) 

where the quantities JV*- are the coefficients of the nonlinear connection associated 
to L (see [6, Eq. (2.3.2a)]). Finally, using the last expression and (5), 

r ^ = 7** + 9 ks {-N p t C P3k - N p C pkl + NlC pij ) . (8) 

It is clear that Christoffel symbols depend just on the vector V(x) and not in the 
vector field V, since they do not depend on the derivatives of V. This allows one 
to define a covariant derivative along a curve 7 by fixing a vector field W along 
the curve. In order to check (3), observe that if j(t) ^ 0, then X = X for 
any extensions X and W of X and W and (3) follows from the definition of V w . 
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Assume now that 7(f) = 0. First observe that D^Z(t) = ^-(t) g§r| 7 ( t >> for any 
Z G £(7) of coordinates Z 1 , . . . , Z n . Then 

j t (g w (X,Y)) = j t (X i Yig ij (W)) 

= gwiD^X, Y) + g w (X, D^Y) + X'P^^) 

= gw(D^X, Y) + g v (X, D™Y) + 2C V (D™W ) X, Y), 

as required. To check that the definition does not depend on the system of coordi- 
nates is left to the author (see also Remark 2.16) □ 

Remark 2.16. Observe that the covariant derivative along 7 with reference an 
i-admissible vector field V <G -£(7) which has been defined in Proposition 2.15 can 
be also defined as the unique map : £(7) — > £(7), such that 

(i) D^(aZ 1 +bZ 2 )= aD^Zx + bD^ Z 2 , for Z U Z 2 £ £(7) and a, b G R, 

(ii) D^(hZ) = ^Z + hD^Z, for Z G £(7) and h G T{[a, b]), 

(iii) D^X{i) = VVX for t G [a, b] and X G £(M), 

where J 7 ([a, b]) is the subset of smooth real functions on [a, b), £(M) the subset of 
smooth vector fields on M and -^(7) is the vector field along 7 defined as X(t) = 
X(j(t)) for every t G [a, 6]. See also [25, Proposition 3.18]. 

2.1. Parallel vector fields, geodesies and the exponential map. Once we 
have defined the covariant derivative, we can introduce the concept of parallelism 
along a curve. In principle, we can choose any vector field along the curve as a 
reference vector to compute the covariant derivative, but there is one distinguished 
reference vector, which is the velocitiy of the curve, but this is not always possible, 
since the velocity of the curve could not belong to A. We will introduce a special 
class of curves. 

Definition 2.17. Let (M,L) be a quadratic Finsler manifold. We say that a 
piecewise smooth curve 7 : [a, b] C R is i-admissible if j(t) G A for any t £ [a, b] 
(in the break points, both velocities must belong to A). 

Definition 2.18. Let (M, L) be a quadratic Finsler manifold and X a vector field 
along a smooth L-admissiblc curve 7 : [a, b] — >• M. We say that X is parallel if 
D^X = 0. 

Proposition 2.19. Let (M,L) be a quadratic Finsler manifold and 7 : [a, b] —> M 

an L- admissible smooth curve. Then for every w G Ay( a ) ~ T^i a )M f~l A there is a 
unique parallel vector field X along 7 such that X{a) = w. 

Proof. In a system of coordinates, a vector field along 7, X(t) = X l {t) is 
parallel if and only if 

dX i 



dt =-^ fel V7) 

for i = 1, ...,n, and by the results of existence and uniqueness of ordinary dif- 
ferential equations, there exists a unique X satisfying last equation such that 
X{a) = w. □ 
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Definition 2.20. We say that a smooth curve 7 : [a, b] — > M is a geodesic of the 
quadratic Finsler manifold (M, L) if 7 is parallel along 7. 

Proposition 2.21. Let (M,L) be a quadratic Finsler manifold. For every d£4 
there exists a unique geodesic j v : [0, b) — ¥ M such that 7(0) ~ v, b € (0, +00]. 

Proof. Let x 1 , . . . , x n be a coordinate system in 51 C M, such that ir(v) <S f2. Then 
7 is a geodesic if and only if 

5 = ^7*^(7) (9) 

for i = 1, . . . ,n. By existence and uniqueness of solutions of ordinary differential 
equations, there exists a unique geodesic 7 with the initial conditions 7(0) = 7r(u) 
and 7(0) = v. □ 

Definition 2.22. Given p G M, let us define the subset U C A p = An T p M as 

the vectors v € A p such that if 7„ : [0, b) — > M is the unique geodesic such that 
7(0) = v, and the interval [0, b) is its maximal interval of definition to the right, 
then b > 1. Then the exponential map 

exp p : U C A p -> A/ 

is defined as exp p (w) = 7^(1) for every v £ U. 

Proposition 2.23. XTie domain o/exp p is an open subset of A p andexp p is smooth 
in A p . Moreover, when A p = T p M\0, the exponential is defined in an open subset 
of P , putting exp p (0 p ) = p. 

Proof. It follows again from (9) and the smooth dependence of the solutions of 
ordinary differential equations with respect to parameters. □ 

3. Curvature 

Along this section we will fix a quadratic Finsler manifold (M, L) and an in- 
admissible vector field V defined in an open subset f2 C M, being V v the Chern 
connection of (M, L) having V as a reference vector field. We can define now the 
curvature associated to the affine connection W v as a tensor (1,3) in the open 
subset f2 C M defined by 

R V (X, Y)Z = V^V^Z - V^ w v z _ v^ iY] z 

for every X,Y, Z £ X(Sl). It is straightforward to check that R v is a tensor. The 
curvature tensor satisfies some symmetries with respect to the metric gy. We will 
need the covariant derivative of the Cartan tensor to express these symmetries. 
This covariant derivative V v Cy is a (0,4) tensor defined as 

V V x Cy{Y, Z, W) = X(Cy(Y, Z, W)) - Cy(W^Y, Z, W) 

- Cy(Y, V^Z, W) - Cy(Y, W, V£W), 

for every X,Y,Z,W <E X(f2). It follows easily that V^Cy is trilincar, symmetric 
and 

V%O v (y,Z,W) = -C v (y] c V,Z,W). (10) 

Proposition 3.1. Let X, Y,Z,W £ X{Q), then 
ft) R V (X,Y) = -R V (Y,X), 
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(ii) g v (R v (X, Y)Z, W) + g v {R v (X, Y)W, Z) = 2B V (X 1 Y, Z, W), where 

B V (X,Y,Z 1 W) = V^C V (V X V,Z, W) - V X C V (V Y ~V 1 Z, W) 

+ C V (R V (Y 1 X)V,Z, W), 

(Hi) R V {X,Y)Z + R V (Y,Z)X + R V {Z,X)Y = 0. 
Furthermore, 

gv(R V (X, Y)Z, W) - g v (R V (Z 1 W)X, Y) = 

B V (Z, Y, X, W) + B V (X, Z, Y, W) + B v (W, X, Z, Y) 

+ B V {Y, W, Z, X) + B V {W, Z, X, Y) + B V {X, Y, Z, W). (11) 

Proof. As the identities are tensorial, we can assume that the brackets beween all 
the vector fields (excluding V) are zero. The first identity follows immediately. 
For the second one, using the definition of R v and that V y is almost metric g- 
compatible, we get 

gv(R V (X, Y)Z, W) + gv{R V {X 1 Y)W, Z) = 

gviVx^yZ - V y V^Z, W) + gviVx^yW - V Y X7 X W, Z) 
= X(g v (V Y Z, W)) - gv^l-Z, V X W) - 2C V {V V X V, V Y Z, W) 

- Y(g v (X7 x Z, W)) + g v {V v x Z, V Y W) + 2CV(V£V, V V X Z, W) 
+ X(g v (V^W, Z)) - gv{VX-W, V V X Z) - 2C V {W X V, W^W, Z) 

- Y(g v (V v x W, Z)) + g v {V V x W, V y Z) + 2Cy(V y V, V V X W 7 Z) 

= X( 5 y(v£z, W) + <?y(V y iy, Z)) - Y{g v {V v x Z, W) + gv{V V x W, Z)) 

- 2C v (y x v, v^z, w) + 2C v (y^v, v x z, w) 

- 2C v {V x V,V Y r W,Z) + 2C v (V^V,V x W 1 Z) 

= X(Y(g v (Z, W)) - 2C V (V£V, Z, W)) - Y(X(g v (W, Z)) - 2C V {V V X V, W, Z)) 

- 2C V {W X V, V y Z, W) + 2Cy(V y V, W X Z, W) 

- 2C v {V x V,V Y r W,Z) + 2C v (V Y ~V,V x W 1 Z) 

= [X, Y}(g v (Z, W)) + 2(-V£Cy(V y V, W, Z) - CV(V£v£V, Z, W) 

- c v (y\v^ v x z ^) - C v {VyV,Z, V x W) + v^c v (y x v,w,z) 

+ CV(v£v£v, Z, W) + C v (V x y, V y Z, W) + C v (V X V, Z, V^W) 

- Cy(V$V, V y Z, W) + Cv^yV, V x Z, W) 

- c v (v x v, V Y W, Z) + C v {Vy~V, V X W, Z)) 

= 2{V Y C V (V£V, W, Z)) - V X C V (V£V, W, Z) + C V (R V (Y, X)V, Z, W), 

as we wanted to prove (since Cy and Vj^Cy are symmetric for any E £ 3E(f2)). For 
the third identity, just compute 



R v (X, Y)Z + R V (Y, Z)X + R V (Z, X)Y = W x V^Z - V^V^Z + V^V^X 
- V V Z V Y X + V V Z V V X Y - V V X V V Z Y 

v x ([Y z\) + v y ([z, x\) v v z (lY x}) = o. 
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To check (11), use the third identity to deduce the following four ones, 

g v (R v (X, W)Y + R V {W,Y)X + R V {Y,X)W 1 Z) = 0, 
g v (R v (X, Y)Z + R V (Y, Z)X + R V {Z, X)Y, W) = 0. 
gv(R V (X, W)Z + R V {W 1 Z)X + R V (Z, X)W, Y) = 0, 
g v {R V {Y,Z)W + R V (Z, W)Y + R V (W,Y)Z,X) = 0. 

Then summing up the four identities and using the symmetries of parts (i) and (ii), 
it comes out 

2g v (R v (X, Y)Z, W) - 2g v (R V (Z, W)X, Y)+ 

2B V (Y, Z, X, W) + 2B V (Z, X, Y, W) + 2B V (X, W, Z, Y) 

+ 2B V ( W, Y, Z, X) + 2B V (Z, W, X, Y) + 2B V (Y, X, Z, W) = 0. 

Taking into account that B v is anti-symmetric in the two first components and 
symmetric in the two last ones we get (11). □ 

Having at hand the affine connection V v we can compute the derivative of any 
tensor. In particular, 

W X R V (Y, Z)W = W X (R V (Y, Z)W) 

- R V {V X Y, Z)W - R V {Y, V X Z)W ~ R V {Y, z)(y x w), 

for every X, Y,Z,W £ X(O). 

Proposition 3.2 (Second Bianchi Identity). Given X,Y, Z G 3£(f2), it holds 

V V Z R V {X,Y) + V X R V {Y,Z) + V^R V {Z,X) = 0. (12) 

Proof. As the identity is tensorial we can assume that brackets are zero (excluding 
those involving V). Given X, Y,Z,W € 3£(f2), 

\7 V Z R V {X, Y)W + V X R V (Y, Z)W + V^R V (Z, X)W 

= V V Z {R V {X, Y)W) - R V {V V Z X, Y)W - R V (X, V V Z Y)W - R V (X, Y){V V Z W) 
+ V X (R V (Y, Z)W) - R V {V X Y, Z)W - R v (Y, V X Z)W - R v ' {Y, Z){V X W) 
+ V^(R V (Z, X)W) - R v (V^Z, X)W - R V {Z, V^X)W - R V {Z, X)(V^W). 

Some of the terms cancel because brackets are assumed to be zero. For example, 
the second term of the second line and the third term of the third line cancel as 
follows 

- R V (W X Z X, Y)W - R V (Y, V V X Z)W = -R V {V V Z X, Y)W + R V (W X Z, Y)W 

= R V ([X, Z],Y)W = 0, 
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where we have also used that R v is anti-symmetric in the first two variables. After 
applying these cancellations we get 

\7^R V (X, Y)W + V X R V {Y, Z)W + V^R V {Z, X)W 

= V X Z {R V {X, Y)W) - R V {X, Y){V V Z W) 
+ V V X {R V {Y, Z)W) - R V {Y, Z){V V X W) 
+ V%{R V (Z,X)W)~R V (Z,X)(V^W) 
= v v z v v x v^w - v v z vX-v v x w - V V X V^V V Z W + V^V V X V V Z W 
+ V v x V\rV v z W - V v x V v z V\rW - v^v v z v v x w + v v z v^v\w 
+ v^v^v^tt - v\v x v v z w - v v z v v x v^w + v x v\v\w = 0, 

as desired. □ 

3.f . Two parameters maps. Let T> be an open subset of K 2 satisfying the inter- 
val condition, namely, horizontal and vertical lines of K 2 intersect T> in intervals. 
A two-parameter map is a smooth map A : T> — > M. We will use the following 
notation: 

(1) the t-paramctcr curve of A in sq is the curve "f So defined as t — > "f So {t) = 
A(i,s ) 

(2) the s parameter curve of A in to is the curve (3t defined as s — > /?t (s) = 
A(i ,s). 

Moreover, we will denote by A t (t,s) = j s (t) and A s (t,s) = /?t(s). Let us define 
A*(TM) as the vector bundle over V induced by 7r : TM ->• M through A. Then 
we denote the subset of smooth sections of A* (TM) as X(A). Observe that a vector 
field V G X(A) induces vector fields in £(7 So ) and X(/3 to ). We will say that V is 
L-admissible if V(t, s) G A for every (t, s) G T>. When A lies in the domain of a 
coordinate system x 1 , . . . , x n , we will denote A 1 = x % o A. 

Proposition 3.3. With the above notation, if V G X(A) is L-admissible, then 
DVj t = Dj t j s . 

Proof. Using Proposition 2.15 we get 

fd 2 A k , ^ k ^ r ^dA z dAi\ d 



D ^ [dtds +r ^ (F) "9s dt ) dx k 

and 

v fd 2 A k k dA l dA j \ d 

D ^ s ^\-d s Tt +T ^ v) -m^ s -)d^- 

Both quantities coincide because T k i; j(V) is symmetric in i,j and 9 gJ^ t = g f g s ■ O 

3.2. Jacobi operator and Flag curvature. In a fixed point p G M, the curvature 
tensor R v depends not only on V(p) but on the extension V. Let us see that the 
quantity R (V, U)W depends only on the value of V along the integral curve of V. 

Proposition 3.4. Let (M,L) be a quadratic Finsler manifold, 7 : (a — e, a + e) — > 
M an L-admissible smooth curve and u,w G Tjf a \M . Let V be an L-admissible 
extension of 7 and U and W extensions of u and w. Then 

R?(^a),u)w = R v l[a) (V,U)W 

is well-defined, namely, it does not depend on the extensions used to compute it. 
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Proof. As the result is local, we can assume that the image of 7 is contained in 
an open subset f2 that admits a system of coordinates (Q,,ip). First assume that 
V and U are the variational vector fields of the two-parametric variation of 7, 
A : (a — e,a + e) x (— ei,ei) M, (t,s) A(t,s), namely, V(A(t,s)) = A t (t,s) and 
U(A(t, s)) — A s (t, s) for every (t, s) £ (a — e, a + e) x (— £i,£i) and the image of A 
lies in (recall notation in Subsection 3.1). We can also assume that the curves 7^ 
arc i-admissiblc for s £ (— £i,£i) by taking E\ small enough and that W £ X(A). 
We will denote by W l the coordinates of W in (f2, </?), being W t * and Wj the partial 
derivatives with respect to the parameters of the variation t and s. Then using (2) 
twice we get 



Df t D Kt W 



W k + WlAiT^iAt) + W*At s T%(A t ) 

+W i Ai-i-T k ij (A t ) + W l t A™T k lm {A t ) 



ds 



+W i AiA™r l ij (A t )T k lm (A t ) 



dx k 



and 



D^ s D At W 



W k st + WiAlT%(A t ) + W*Al t T%(A t ) 

+W i A i^T%(A t ) + W l s A?T? m (A t ) 



Then 



+w i AiA?r l ij (A t )r k lm (A t )] _ 



D Kt a DfW - D At t D K lW 



W*Al-T%{A t ) - W l A\-T%(A t ) 



+^AiAr {Y\ d {A t )Y\ m ^t) ~ r\ ;m (A t )r fc y (A t ))] (13) 



Define = r'j -(V(p)) for every p £ fl and observe that f^. are the Christoffcl 

symbols of the affine connection V v in f2. In particular, we have that r ^-(A) = 
r \ AAt). Taking into account that [V, U] = (at least in the points A(t, s)), we get 



R v (V, U)W = D^DIjW - DIjD^W 



df k df k 
^A;Af-^(A)-WAjA;-^(A) 



AiAr (f' y .(A)f fe ;m (A) - f' im (A)f\(A) 



d 
dx k 



As f\(A) = r' 4i (A t ), |l%(A t ) = Af^(A) and £l%.(A t ) = Af^f(A), we 
conclude that 



i? v (V, [/)W = D^D^W - D%D%W 



a* n A ti 
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as required. Moreover, 

| r '«M = ^M+ A ?<Tj#< A .>> (») 

^( A 0-A^(A0 + AL^(A t ). (15) 

Here recall that x 1 , . . . , x n , y 1 , . . . ,y n is the natural coordinate system of TO, as- 
sociated to the coordinate system (£l,ip). From the above equations and (13), it 
follows that R V (V, U)W depends only on the curve 7 and the values of the vector 
fields U and W along 7. Now given any vector field V extending 7, observe that 
the value of R V {V, U)W does not depend on the extensions U and W of the vectors 
u,w G T 7 ( a )Af. It is always possible to get extensions which are the variational 
vector fields of a two-parametric map and W a smooth vector field on it. Indeed, 
consider a system of coordinates adapted to V in a neighborhood ft of 7(a) small 
enough, in the sense that V = J^t in this neighborhood. If u — a 1 -M-r I , . and 

& ' ox L ° ox 1 17(a) 

w = b l -jtt I , . , then U = a 1 -£-r and W = b l -S-r are the required extensions in 

ox 17(a) ' ox 1 ox ^ 

n c m. □ 

Let us recall that the Chern connection can also be interpreted as a connection 
in the fiber bundle n* A : n* A (TM) — s- A (sec Remark 2.5) and we can define the 
curvature 2-forms associated to this connection. In particular, the horizontal part 
of these 2-forms is the so-called /1/1-curvature tensor (see [6, Chapter 3]), which in 
coordinates is written as 

Rv (V, U)W = VWW'R/M-^ (16) 

for v G A and V = V*^, U = E^gfr, W = W 1 ^ vector fields in fl C M, where 

= -J^(v)~ N P k (v)-^-(v) ~^f(v)+ ^(v)^f(v) 

+ r\ k (v)r h jl (v)-r i hl (v)r h jk (v), 

and N p k has been defined in (7) (see [6, Formula (3.3.2) and Exercise 3.9.6]). 
Now given a system of coordinates (fl, tp), for every L-admissiblc smooth curve 
7 : [a, b] ->• il C M, define 

H 1 {U,W) = U i W\D^f^i{^. 

It is easy to sec that the definition docs not depend on the choice of coordinates 
and then we can define a symmetric tensor H~ t : £(7) x £(7) — > -£(7) for every 
L-admissible smooth curve 7 : [a, b] — > M that does not lie necessarily in a domain 
of coordinates. 

Proposition 3.5. Let [M, L) be a quadratic Finsler manifold. Consider an In- 
admissible smooth curve 7 : (a — e, a + e) — > M. With the above notation 

R 7 (i(a),u)w = R^ ia) ( A f(a),u)w + H 7 (u,w) (17) 

for any u,w G T 7 ( a )M. 
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Proof. First observe that we can choose any extension of u to the curve 7. In 
particular, we can choose a parallel vector field U = U l {t) g|r| along 7, which 



satisfies 



dU" 



- -U^T k l3 {j). Moreover, ^ = (D^j) k - 7*7*1%. (7) . Let A be 
a two-parametric variation of 7 such that f3 t = U and 7 S are L-admissible curves 
(recall notation of Subsection 3.1). As Af t = -i- and Af s = ^r, substituting the 
last formulae in (14) and (15), these equations in (13) and making s = 0, we obtain 



i? 7 (7, u)w 



dT k ■ dV k 

^^(7)-f7"T p im (7)^(7) 



7 



9xP 



dV 



dxP 



(7) 



dy 



d 

+H y (u,w). 



□ 



Given a plane tt 
quantity 



Observing that N^j) = 7"T p ;m ( 7 ) (see (7)), we get (17). 

span{?;,w} which is <7„-nondegenerate, we can define the 

K / s = g v (R^(v,u)u,v) 

L(v)g v {u,u) - g v (v,u) 2 ' 

where j v is the geodesic with velocity v at t = 0. After Proposition 3.5, it is 
straightforward that this quantity is the flag curvature of L (see [G, Section 3.9]), 



since 



0. 



Remark 3.6. Observe that when 7 is a geodesic, the quantity 

g v (R^(v,u)w,v) 

K v (u,w) = — 

L(v)g v (u,w) - g v {v,u)g v (v,w) 

is the predecessor of the flag curvature (see [G, page 69]). 



4. Variation of the energy 

Let us define the energy functional associated to a quadratic Finsler manifold 
(M, L) for any L-admissible pieccwise smooth curve 7 : [a, b] C 1R — > M as 

E{l) = \J mds. (18) 

Let us see that the geodesies of (M, L) are the critical points of the energy func- 
tional. Let us compute the variations of E. Let 7 : [a, b] — > M be an L-admissible 
piecewise smooth curve and consider a piecewise smooth variation A : [a, b] x 
(—£,£) — > M, with breaks to = a < t\ < t 2 < ■ ■ . < th < t/1+1 = b, namely, A is 
continuous in its domain and smooth in [ti, U + i] x (— £, e) for any i = 0, . . . , h. We 
will use without further comment the notation in Subsection 3.1. We say that the 
variation A is L-admissiblc if 7 S is L-admissible for any s S (—e,e). Moreover, we 
will denote by W the variational vector field of A along 7, namely, W(t) = A s (t, 0) 
for any t G [a, b] and j(tf) and j{t~) the right and left derivatives of 7 in the break 
U, i = 1, . . .,h. 
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Proposition 4.1. Let A be an L- admissible piecewise smooth variation ofj. With 
the above notation 



b h 

b 



E'(0) = ^-E( ls )\ s=0 = - I g^W,D^)dt+[g4W,j)} b a + Y,9i(W(U),Aj(U)), 



ds 

where Aj(ti) = j(tf) - j(t^) for i = 1, . . . , h. 
Proof. As the variation is piecewise smooth, recalling Proposition 3.3, we get 
d . . 1 f b d 

(9j s ( D j" t js,js) + Ca Is (Dj s t 7 S , 7 S , j s ) ) dt 



(19) 



= / g^ s (Dyj t ,j s )dt, (20) 

J a 

where we have used first that the Chern connection is almost ^-compatible and 
then Remark 2.9 and Proposition 3.3. Moreover, applying again that the Chern 
connection is almost (/-compatible, we get 

g^(DjW,j) = j t {g^W^))-g^W,D^), (21) 

because Cy(-D^7, W, 7) = (again by Remark 2.9), and substituting (21) in (20) 
with s = and integrating, we get finally (19). □ 

Let us denote by Cl(M, [a, bj) the subset of L- admissible piecewise smooth curves 
7 : [a, b] —> M and for any 7 £ Cl(M, [a, b]), define T 7 Cx(M, [a, b]) as the subset 
of L-admissible piecewise smooth vector fields along 7 with the same breaks as 7. 
Proposition 4.1 allows us to define formally the differential of E in 7 as the map 
dE 1 : T 7 C(Af, [a, 6]) -> R by 

j-b h 

dE 7 (W) = - / g^(W,Dij)dt+ [gj(W,j)] b a +^& l (W(t i ), A-yfe)), 
-' a i=i 

for any T4 7 G T 7 Cl(M, [a, 5]). In fact, observe that given W, we can choose a 
variation A : [a, 6] x (— e,e) — ► M having W as a variation vector field. If A is 
C , by the continuity of A and the compactness of [a, 6], we can choose a smaller 
£• if necessary in such a way that A is L-admissiblc. When A is piecewise smooth, 
we can do the same thing in every interval [ij, U + \] for i = 0, . . . , h obtaining and 
Si > such that A : [tj, X (—£;,£;) — > M is L-admissible. Finally we consider 
e = minjeo, ■ ■ ■ ,£h} to get the L-admissible variation of 7. 

From now on, given a curve 7 : [a, b] — > M of a quadratic Finsler manifold and 
a vector field along 7, W € £(7), we will denote W = D^W . 

Proposition 4.2. Le£ 7 : [a, b] — > M be a geodesic of (M,L) and consider an 
L-admissible smooth variation A. Then with the above notation 

h r • • i* 

{-g4W{i,W)W,i)+g^W', W'))ds- 57 (L^/? t | s=0 , 7) , (22) 
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where £)2/3t|s=o is the transverse acceleration vector field of the variation. 

Proof. We will use Remark 2.9 along the proof without further comment. Using 
(20) and the almost ^-compatibility of the Chern connection, we get 

Js^ E{ls) = Tsj 9%(DiMs)dt = j ± g% (DlP u j s )dt 

= f (g^DjlDi*J t ,%) + g^Dtfc,Df t %))dL 

J a 

Now using that Dj'D%'J t = D^D^Jt - $ t )h (see Proposition 3.4), 

(23) 

Finally, as 70 = 7 is a geodesic, we have gj s (D^Dj" t fj t ,j s ) = -j i (g^ e (Dj" t $ t ,'y s )) 
for ,s = 0, and using this in (23), integrating and recalling Proposition 3.3, we get 
(22). □ 

Observe that the transverse acceleration Dj t $ t \s=o depends not only on the 
vector W along 7, but on the variation A. We will see later that the dependence 
on the variation disappears when we put certain boundary conditions. 

4.1. Submanifolds and second fundamental form. We refer the reader to [25] 
for the basic notions and notation on submanifolds in scmi-Ricmannian manifolds. 
Let us assume that (M, L) is a quadratic Finslcr manifold and P C M a submanifold 
of M. Let us denote the tangent bundle of P as TP. We define the normal bundle 
TP 1 ^ of P as the vectors v G A such that tt(v) G P and g v (v,w) = for every 
w G T n ( v )P. Observe that TP- 1 is not necessarily a fiber bundle over P since the 
fibers are cones, but they can have even different number of connected components 
in different points. What we have is a submersion 

7T : TP^ -> P, 

where, with abuse of notation, we call n the restriction of the natural projection 
7r : TM —> M. We will denote by %{P) the subset of smooth sections of the fiber 
bundle TP over P and X(P) X the smooth sections of 7r : TP^ — > P. Moreover, we 
will denote by T(P) the subset of smooth real functions on P. Given N G X(P) 
we will denote, X(N) the subset of smooth sections W of it : TM — > P, such that 
for every p G P, W(p) G span{7V(p)}. Observe that X(N) is not contained in 
X(P)- 1 -, because the vector fields in X(N) can have zeroes. 

Definition 4.3. Fix N G X(P) ± . Then 

(i) we define the second fundamental form of P in the direction of N as the 
function S% : X(P) x X(P) -> X(N) given by S%(U, W) = norjvV# W, where 
nor^v means in every p G P the (^-projection to span{iV(p)}. 

(ii) we define the normal second fundamental form : X(P) — > X(P) as S^(U) = 
tan/vV^-ZV, where tan/v means the gjv-projection to TP. 
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Proposition 4.4. With the above notation, Sf^ is T (P) -bilinear and symmetric 
and is F{P) -linear. Moreover, 

g N (S%(U,W),N) = -g N (S%(U),W) (24) 

for every U,W <G X(P) . 

Proof. Let us see that Sf^ is .F(P)-bilinear. This is immediate for the first variable. 
For the second one, let / G T(P), then for U, W € X(P), 

S%(U, fW) = nor N V$(fW) = nor N (U(f)W + fV%(W)) = fnov N {V%W), 

since W is tangent to P. For the symmetry, 

S%(U, W) - S^{W, U) = noi N (V$W - V^U) = uot n [U, W] = 0, 

since [U, W] is tangent to P. Again it is straightforward to check that is F{P)- 
linear. For (24), using that Chern connection is almost ^-compatible, Qn{N, W) = 
and Remark 2.9, we get 

g N (S%(U,W),N) = g N (V$W,N) 

= -g N (W, V%N) - 2C N {V%N, W, N) = ~g N {S^(U), W), 
as required. □ 

4.2. The endmanifold case. Let us consider now the space of curves Cl{P, Q) G 
Cl{M, [a, b]) joining two submanifolds P and Q of M, namely, 

C L {P,Q) = { 7 € C L (M, [a, b}) : 7(0) G P, 7 (6) G Q}. 

When we consider a smooth (P, Q)-variation of 7 € Cl(P, Q) by curves in Cl(P, Q), 
the variational vector field is tangent to P and Q in the endpoints. Indeed, we will 
define 

T 7 C L (P, Q) = {W G T 7 C L (Af, [a, b}) : W(a) G T 7(a) P, VF(fe) G T 7(h) Q}. 
Moreover, we say that 7 is a critical point of E\c l (p,q) if dE 7 (W) = for every 

W eT^C L {P,Q). 

Corollary 4.5. Let 7 G Cl(P,Q). Then 7 is a critical point of the energy func- 
tional E\ Cl ( P q} if and only if 7 is a geodesic g^-orthogonal to P and Q. 

Proof. Given to G (a, b) an instant where 7 is smooth, as the scalar product <? 7 is 
non-degenerate, if we assume that D^j ^ 0, using bumpy functions we can choose 
a vector field W such that g 7 (Z?^7, W) > in a neighborhood of to that does not 
contain breaks and zero everywhere else. Then using (19), we get a contradiction. 
Thus, 7 must be a piecewise geodesic. Assume that A 7 ^ for some i = 1, . . . , h. 
We can choose a variational vector field Wi such that <7 7 (A 7 (i;), W(ti)) > and 
it is zero in the other breaks. This gives a contradiction in (19), since 7 is a 
critical point. Therefore, 7 is a piecewise geodesic without breaks. Finally given 
w G T 7 ( a )P, construct a vector field W such that W(a) = w and W(b) = 0. Then 
(19) implies that <7 7 ( a ) (7(a), u>) = 0. Analogously, we show that for any v G P 7 (b)<9, 
5 7 (b)(7(6), v) = 0. The converse is trivial. □ 
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Corollary 4.6. Let 7 G C'l{P,Q) be a geodesic of (M,L) that is g^- orthogonal 
to P and Q in the endpoints and consider a smooth L-admissible (P,Q) -variation. 
Then 

E"(0)= [ (-g4R^^,W)W^)+g4W',W / ))ds 

J a 

+ 9i (S- (a) (W, W), 7(a)) - g 7 (S^ (b) (W, W),j(b)), 

where W is the variational vector field of the variation along 7. 

Proof. It is a straightforward consequence of the definition of the second funda- 
mental form in Definition 4.3 and (22). □ 

4.3. The index form. Given a geodesic 7 of (M,L) that is ^-orthogonal to P 
and Q in the endpoints, let us define the (P, Q)-index form of 7 as 

Ip, Q (V,W) = [ (- 9T (R' f (i,V)W,j) + g4V / ,W / ))ds 

+ 9^ {a) (V, WO, 7(a)) - 9^ {b) (V, W),j(b)), 

where V, W e T 7 C* L (P,Q). 

Let us observe that the tensor B v , defined in Proposition 3.1 for any L-admissible 
vector field V in an open subset f2 C M , is well-defined along a curve 7 whenever 
the first component is 7 (see Proposition 3.4). Indeed, for X, Y, Z <S £(7), we will 
denote by P 7 (7, X, Y, Z) the quantity obtained with any extension of X, Y, Z and 
7- 

Lemma 4.7. With the above notation, if 7 is a geodesic of (M,L), then 

P 7 (7,X,Y~,Z) = 

when at least one of the vector fields X, Y, Z is 7. Moreover, B v (X, Y, V, V) = 0. 

Proof. Let us denote by V an extension of 7. Let us observe that P 7 (7, 7, Y, Z) = 
because B v is anti-symmetric in the first two variables. Using the definition of P 7 , 
Remark 2.9 and taking into account that 7 is a geodesic, we get 

iT(7,X, 7 ,Z) = -V 7 ^(V^,7,n 



P 7 ( 7 ,X, 7 ,Z) = C 7 (V 7 7 ,V$V,Z) = 0, 



and using that V?C 7 is symmetric and (10) 



and as B v is symmetric in the last two components we also have that 

P 7 (X,7,^,7) = 0. 

To check that B V (X,Y, V, V) = 0, let us use Remark 2.9 and then the symmetry 
of V\C V and V^Cy and (10) to get 

B V {X, Y, V, V) = V£CV(V£V, V, V) - V£CV(V£V, V, V) 

= -C V (V%V,V%V,V) + C V (V%V,V%V,V) = 0, 
as required. □ 
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Proposition 4.8. The kernel oflpg is given by the vector fields V £ T 7 Cl(P 7 Q) 
such that 

V" = i? 7 (7,F)7 
and t&TLyV'{a) = S?(V(a)) and tan^V'(b) = §9(V(b)). 

Proof. Observe that 5 7 (i? 7 (7, V)W, 7) = -£ 7 (i? 7 (7, V)j, W), since by Lemma 4.7, 
S 7 (7, V, W, 7) = 0, and then using also that 

9-y(V, W) = j t (9-y(V, WO) - g^V", W), 

where we have used that the Chern connection is almost p-compatible and 7 is a 
geodesic, the index form can also be expressed as 

p pQ (V,W)= [ tei(W(i,V)<y,W)-g< f (V",W))ds 

J a 

+ [g^V\W)i+g^ ia) (V,W),j(a))-g^ b) (V 1 W),^ 

This means that V £ T 7 Cl(P,Q) belongs to the kernel of the index form if and 
only if V" - i? 7 ( 7 , VO7 = and 

g^V(a), W) - gi(S? M (y, W),j(a)) = 0, 

g^V(b),W)-g^ {b) (V,W),j(b)) = 0, 

in the endpoints. Using (24), we get that tan 7 F'(a) = S?(V(a)) and tan 7 V'(6) = 
S®(V(b)). □ 

4.4. Jacobi fields and conjugate and focal points. 

Definition 4.9. Given an arbitrary geodesic 7 : [a, b] — > M of (M, L), let us define 
a Jacobi field of 7 as a vector field J along 7 satisfying 

J" = i? 7 (7,J)7. 

Moreover, given a submanifold P such that 7(a) € P and 7(a) is g 7 ( a )-orthogonal 
to P, we say that a Jacobi field is P-Jacobi if tan 7 J'(a) = S?(J(a)). Moreover, we 
say that an instant to G (a, b] is 

(i) conjugate if there exists a Jacobi field J along 7 such that J(a) = J(to) = 0, 

(ii) P-focal if there exists a P- Jacobi field J such that J (to) = 0. 

Observe that given a geodesic 7 : [a, b] — > M of a quadratic Finslcr manifold, 
we can choose an orthonormal paralcl basis of vector fields along 7. Choose an 
orthonormal basis ex, ,e n of (Tjf a \M, <7 7 ( a ))j namely, a basis satisfying that 

<?<V(a)( e i> e j) = where e? = 1, 5ij is the Kronecker's delta and i,j = 1. . . . ,n. 

Then define the parallel vector fields Ei, E% , . . . , E n along 7 such that Ei (a) = ei 
for every i = 1, . . . , n. The fact that 7 is a geodesic implies that g^(Ei,Ej) = Sidij, 
since 

^(E^Ej) = g^E'^Ej) + g^E') = 0, 

where we have used that the Chern connection is almost ^-compatible, 7 is a geo- 
desic and Ei and Ej are parallel along 7. We say that a variation is geodesic when 
it is given by geodesies. 
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Proposition 4.10. Given a geodesic 7 of (M,L), the vector field J along 7 of a 
geodesic variation is a Jacobi field. 

Proof. With the notation of Subsection 3.1, using Propositions 3.3 and 3.4 and that 
7 S is a geodesic, we get 



J" = D%D%P; 



= iT( 7 ,J)7, 



as required. □ 

Lemma 4.11. Let 7 : [a, b] — >• M be a geodesic of (M,L) with 7(a) = p. Then 
for any v,w G T p M, there exists a unique Jacobi field such that J (a) = v and 
J'(a) = w. 

Proof. Let E\, E2, ■ ■ ■ , E n be a parallel orthonormal frame field of 7 as above. Then 
any vector field along 7 can be expressed as Y — y l Ei for certain functions yi : 
[a,b] — >• R, i = 1, . . . , n. Then the Jacobi equation is equivalent to 

d 2 (v m ) 

-^r- = R?v J ( 2 5) 

with m = 1, . . . , n, where the coefficients are determined by the system 

R7(j,E j )j = R™E m 

for j = l,...,n. Moreover, the initial conditions are equivalent to y l (a) = v l 
and ^j-{a) = w % , where v l and w l are respectively the coordinates of v and w 
in the orthonormal basis Ex(a), . . . ,E n (a). By the theory of ordinary differential 
equations, the system in (25) is uniquely determined by these initial conditions and 
the solution exists in the whole interval [a,b]. □ 

Proposition 4.12. Let p be a point of a quadratic Finsler manifold (M,L) and 
v G T P M H A that belongs to the domain of exp p . For any w € T V (T P M) , we have 

dexp p (v)[w] = V(l), 

where V is the unique Jacobi field on j v such that V(0) = and V'(0) = w. 

Proof. Consider the variation A(t, s) = t(v + sw) for < t < 1 and s small enough. 
Then 

A(t, s) = exp p (A(£, s)) = j v+sw (t). 

By Lemma 4.11, the variational vector field V(t) = A s (t, 0) is a Jacobi field. More- 
over, as the curve s —> A(0, s) = p is constant, 1^(0) = and if we denote by fj the 
constant curve with value p and 7 S = jv+sw, from Proposition 3.3, we get 

V'(0)=Df%(0) = w, 

since 7 S (0) = V + sw. □ 

Given a geodesic 7 : [a, b] — > M of a quadratic Finsler manifold, denote by 
7- 1 = {v G T, ( M : ^(7, v) = 0}. Then 

T^A/^span^)©^- 1 . (26) 

Moreover, if Y G £(7), let us denote by tan 7 (Y) and nor 7 (Y) the first and second 
projection in the decomposition (26). 

Lemma 4.13. With the above notation, if £(7) 7^ 0, (tan 7 (Y))' = tan 7 (F') and 
(nor 7 (r))' = nor 7 (F')- 
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Proof. It is enough to prove that (tan 7 (y))' = tan 7 (F'), since Y = tan 7 (F) + 
nor 7 (y). Observe that g^{Yil) = 9i{^ an i^X)i l)i an d using that 7 is a geo- 
desic and the Chern connection is almost g-compatible, we get that g^fY',^) = 
p 7 ((tan 7 (y))', 7), which concludes because 3-7(7,7) = L(j) 7^ 0. □ 

Lemma 4.14. Consider a vector field J along a geodesic 7 : [a, b] — > M. Then if 
J is a Jacobi field: 

(i) J is tangent to 7 if and only if J = (as + 6)7, 
(ii) the following statements are equivalent: 

(a) <? 7 (7, J) = 0, 

(b) there exist a,b such that <7 7 (7(a), J(a)) = g^(f)(b), J(b)) = , 

(c) there exists a such that <7 7 (7(a), J (a)) = gj( A f(a) 1 J'(b)) = 0. 

Moreover, if 7 is nonnull, that is, £(7) 7^ 0, then J is a Jacobi field if and only if 
nor 7 J andtan 7 J are Jacobi fields. 

Proof. For (i), observe that i? 7 (7,7) = because i? 7 is antisymmetric in the first 
two variables (see Proposition 3.1). Then for J = fj Jacobi equation reduces to 
%p = 0. For (ii), observe that since 7 is a geodesic, 

^(<? 7 (J,7)) = 9j(J",i) = ff 7 (i? 7 (7,^)7,7), 

and observe that from part (ii) of Proposition 3.1, we deduce that the last term 
is zero, because the B term which appears there is zero (see Lemma 4.7). Hence 
<? 7 (J, 7) = At + B and 3 7 (J',7) = A, thus (ii) follows. For the last statement, 
observe that i? 7 (7, tan 7 J) = and then i? 7 (7, J) = i? 7 (7, nor 7 J). Using again 
that g 7 (i? 7 (7, .7)7,7) = an d Lemma 4.13, the Jacobi equation splits into the two 
equations 

(tan 7 J)" = and (nor 7 J)" = R J {j, nor 7 J)j. 

Finally applying part (i) we conclude. □ 
Proposition 4.15. If Ji and J2 are Jacobi fields along a geodesic 7, then 

3 7 (Ji,D 7 J 2 ) -5 7 (D 7 Ji, J 2 ) 

is constant. 

Proof. Observe that using that 7 is a geodesic and J\ and J2 satisfy the Jacobi 
equation, we obtain 

^(9j(Ji, 4) -9t{J[, J2)) =5<y(4>4) +gj{Ji, 40 

-5 7 (4,4) -9i(J",J2) 

=9i(Ji, R J (i, ^2)7) - gi(R 7 (i, J\)i, J2), 

which is zero (see (11) and Lemma 4.7). □ 

4.5. Remarks about Morse theory. Let us observe that in principle, there 
should not be further obstructions to prove that geodesies of a quadratic Finslcr 
metric are critical points of the energy functional in a suitable infinite dimensional 
if 1 -Sobolev space, for example, by generalizing the proof in [12, Proposition 2.1]. 
But in order to make Morse theory available, we need to overcome several problems. 
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The first one is that Palais-Smale condition only holds in general when the qua- 
dratic Finsler metric is in fact a Finsler metric (with positive definite fundamental 
tensor), since it is well-known that Palais-Smale condition fails for scmi-Ricmannian 
metrics. The second problem is the differentiability of the energy function in the 
H 1 Sobolev space, because it is C 2 only when the quadratic Finsler metric is semi- 
Riemannian (see [1, Proposition 3.2] and [10]). This has been overcome in the case 
of Finsler metrics using that the energy functional is C 2 in the C 1 -topology (see 
[11, 13]). The third problem is that when A is strictly contained in TM \ 0, the 
space of L-admissible curves can be non-complete, thus it seems interesting to study 
conditions of completeness in the quadratic Finsler metric to guarantee the validity 
of the Morse theory as in [11, 13]. In [14] some results of geodesic connectedness 
of conic Finsler metrics are deduced using Causality of spacetimes endowed with 
a Killing vector. In the general case, when the fundamental tensor is allowed to 
have any signature, Lemma 4.15 is the key point to develop a relation between 
the spectral flow of a certain path of operators and the Maslov index of conjugate 
points as in [27]. In the presence of a Killing vector field, more precise results have 
been obtained in the Lorentzian realm [9, 16, 17] and it is expectable to get similar 
results for Lorentz-quadratic Finsler metrics. 
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